Introduction
In 2015, INTECH Investment Management LLC introduced a novel 1 approach to attribution that focuses on the estimation of the trading profit captured through systematic rebalancing [1] . This approach was initially applied to the INTECH strategies, which attempt to outperform their benchmarks through the disciplined and risk-controlled use of rebalancing. However, the applicability of this approach extends to a much broader family of portfolios, potentially including most diversified strategies exhibiting regular reconstitution and rebalancing.
In this write-up, we extend the trading-profit attribution methodology to analyze the size factor via simulating equal-weighted portfolios. Equal-weighted portfolios are selected for this purpose because they combine a natural exposure to size with a simpler understanding in terms of the framework of Stochastic Portfolio Theory, so that they furnish a natural test subject for the attribution algorithm.
We investigate the effects of varying the number of securities included in the equal-weighted portfolios, the domicile of these securities (U.S., other developed markets, or emerging markets), transaction costs, and the frequency of the rebalancing. In all cases, we conclude that the trading-profit attribution represents faithfully the long-term outperformance of the equal-weighted portfolio relative to the broad market, demonstrating once more that the size premium is due to volatility capture, rather than a stock-specific factor premium [2] . This is a technical report focused on describing the details of the experiment -for more information on the underlying framework and recent work, consult the academic publications [3] and [4] , the white papers on the INTECH website, or contact the author via email.
s500
This universe consists of securities contained in the S&P 500 Index [6] . The data span the period January 1966 through December 2015.
msci
This universe consists of securities contained in the MSCI World Index, which includes securities from the U.S. and other developed markets [7] . The data span the period January 1992 through December 2015, and 25 countries appear overall.
msem
This universe consists of securities contained in the MSCI Emerging Markets Index, which includes securities from the U.S. and other developed markets [7] . The data span the period January 1995 through December 2015, and 31 countries appear overall.
Construction of the equal-weighted portfolios
At the start of each month, we simulate a rebalancing trade that results in an equal-weighting portfolio on the top n names in the universe, ranked by market capitalization; n is chosen below to take two different values, denoted lrg and sml (cf. Table 1 ). These values are chosen to ensure that sufficient securities appear in the universe throughout the simulation period, as well as to highlight the effect of rebalancing in the larger-capitalization versus the smallercapitalization securities (cf. Figure 2) .
The performance of the equal-weighted portfolio is measured relative to the broad market, defined as the cap-weighted portfolio that consists of all securities in the universe at the beginning of that month. We assume that there are no Universe lrg sml crsp 100 500 s500 50 400 msci 100 1000 msem 50 650 Table 1 : Values of n used to define the thresholds for inclusion to the equalweighted portfolios; two options are considered in each universe.
discretization effects, i.e., that all stocks can be held or traded at arbitrary (including fractional) amount of shares.
Stochastic Portfolio Theory
According to the framework of Stochastic Portfolio Theory [3] , the relative performance of an equal-weighted portfolio can be approximately 2 understood as the sum of three contributions:
1. the exposure to size, which can be quantified as the change in the average logarithm of the market weight of each security in the equal-weighted portfolio;
2. the rebalancing premium, i.e., the trading profit captured through rebalancing to the target weights for those securities that remain in the top n by market cap through consecutive reconstitutions;
3. the leakage effect, i.e., the reconstitution drag due to the detrimental selling out of securities because they are no longer in the top n (or, even, the investable universe).
The exposure to size can be estimated very accurately for the equal-weighted portfolio; the leakage effect can also be estimated, albeit with greater uncertainty. This means that equal-weighted portfolios furnish a convenient testing ground for evaluating the accuracy of the novel trading-profit attribution. A simple and robust estimate of the leakage is given by the expression (cf. Table 2) 
Trading-profit attribution
We apply the trading-profit attribution methodology as described in [1] with a single modification: when looping over previous buys, we break out of the loop if we encounter reconstitution buys, i.e., buys of stocks from zero initial weight. This is intuitively motivated by the observation that these trades are triggered not by rebalancing (namely, trading in direct reaction to price movements, in the opposite direction), but by the appearance of the stock to the list of investable securities (the top n stocks in the universe). This is not a material consideration for most realistic strategies which take steps to avoid excessive trading triggered by reconstitution events. However, in our case, where we examine simple, unmanaged strategies, the effect can be significant and must be explicitly addressed.
Transaction costs
When transaction costs are taken into account, we assume that they equal 40 bps. Also, we reduce the portfolio performance at the time of trade by the product of the transaction cost times the absolute value of the weight change.
In that case, we also adjust the trading profit at the time of a sell by subtracting from it twice the product of the transaction cost times the absolute value of the matched weight change. Finally, the trading profit for that day is further reduced by twice the product of the transaction cost times the absolute value of the unmatched sell weight.
Effect of universe magnitude
In this section, we explore how the choice of the size of the equal-weighted portfolio, i.e., how many of the top stocks to include, affects the results. For convenience, as explained above, we select two values for this threshold number n, denoted by lrg and sml respectively (cf. Table 1 ). Furthermore, we assume that there are no transaction costs, and that rebalancing occurs on a monthly frequency. The results of the simulations are shown in Tables 3-6, as well as in Table 3 : Statistics for the equal-weighted portfolio on the crsp universe. Table 4 : Statistics for the equal-weighted portfolio on the s500 universe. Figure 3 for the s500 universe. Table 5 : Statistics for the equal-weighted portfolio on the msci universe. Figure 3 for the msci universe. Table 6 : Statistics for the equal-weighted portfolio on the msem universe. 
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Effect of transaction costs
In this section, we consider the effect of accounting for transaction costs; as mentioned earlier, we assume transaction costs of 40 bps. We continue to assume that rebalancing occurs on a monthly frequency. The results of the simulations are shown in Tables 7-10, as well as in Figures 7-10 . Since the effect of the universe magnitude was analyzed in the previous section, we fix the universe size. We also drop the SPT estimate of the rebalancing premium for simplicity. Table 7 : Statistics for the equal-weighted portfolio on the crsp universe. The columns labeled "Change" correspond to the difference with respect to the zerotransaction-costs case. 
crsp universe
s500 universe
Series sml Mean Change Equal-weighted relative return 0.94 -0.38 Trading profit 0.60 -0.39 Table 8 : Statistics for the equal-weighted portfolio on the s500 universe. Figure 7 for the s500 universe.
msci universe
Series sml Mean Change Equal-weighted relative return 0.43 -0.47 Trading profit 0.48 -0.47 Table 9 : Statistics for the equal-weighted portfolio on the msci universe. 
msem universe
Series sml Mean Change Equal-weighted relative return 0.38 -0.62 Trading profit 1.21 -0.63 Table 10 : Statistics for the equal-weighted portfolio on the msem universe. Figure 7 for the msem universe.
Effect of rebalancing frequency
In this section, we consider the effect of varying the rebalancing frequency from monthly to quarterly and semiannual. To mitigate some of the complications due to calendar effects, we rebalance at an offset of two months, i.e., on the second month of each quarter (in the case of quarterly rebalancing), or on every February and August (in the case of semiannual rebalancing).
Rebalancing an equal-weighted portfolio less frequently misses opportunities to capture short-term volatility. On the other hand, it has the benefits of reducing both the turnover (and the associated transaction costs), as well as the performance drag due to reconstitution (as some of the securities revert to the top n stocks over the medium term, which also affects the diversity exposure). In order to examine the two effects of transaction costs and rebalancing separately and together, we examine both cases of transaction costs of 0 bps and 40 bps. The results of the simulations are shown in Tables 11-14, as well as in Figures 11-14. Table 11 : Statistics for the equal-weighted portfolio on the crsp universe. Figure 11 : Cumulative performance of the equal-weighted portfolio for the top n = sml stocks relative to the full market (red) and the trading-profit attribution (blue) for the crsp universe. The lines (ordered by decreasing thickness) correspond to monthly, quarterly and semiannual rebalancing. We assume that transaction costs are 0 bps (left) and 40 bps (right). Figure 11 for the s500 universe. Table 13 : Statistics for the equal-weighted portfolio on the msci universe. Figure 11 for the msci universe. Table 14 : Statistics for the equal-weighted portfolio on the msem universe. Figure 11 for the msem universe.
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Conclusion
The trading-profit attribution methodology leads to results that are consistent with the long-term relative outperformance of the equal-weighted portfolio, and provides an alternate method for estimating the rebalancing premium without the requirement of waiting for the market cycle regarding the size exposure to complete. Furthermore, the behavior of the trading-profit contribution to the equal-weighted portfolio performance reflects closely the impact of various effects, such as changing the magnitude of the universe, the transaction costs, or the rebalancing frequency.
All these experiments furnish further strong support for the claim that the underlying cause for the outperformance of the equal-weighted portfolio relative to the cap-weighted market is the systematic capture of trading profit through the process of rebalancing to the slowly-varying 3 target weights.
